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Abstract. — The invariant eigendistributions on a reductive Lie algebra are solu- 
tions of a holonomic "D-module which has been proved to be regular by Kashiwara- 
Hotta. We solve here a conjecture of Sekiguchi saying that in the more general case 
of symmetric pairs, the corresponding module are still regular. 

Resume (Regularite des ©-modules associes a une paire symetrique) 

Sur une algebre do Lie reductive, les distributions invariantes qui sont vecteurs 
propres des operateurs differentiels bi-invariants sont les solutions d'un systeme 
holonome. II a ete demontre par Kashiwara-Hotta que ce module est regulier. Nous 
resolvons ici une conjecture de Sekiguchi en montrant que ce resultat est encore vrai 
dans le cas plus general des paires symetriques. 



Introduction 

Let G be a semi-simple Lie group. An irreducible representation of G has a char- 
acter which is an invariant eigendistribution, that is a distribution on G which is 
invariant under the adjoint action of G and which is an eigenvalue of every biinvari- 
ant differential operator on G. A celebrated theorem of Harish-Chandra |2] says that 
all invariant eigendistributions are locally integrable functions on G. 

After transfer to the Lie algebra g of G by the inverse of the exponential map, an in- 
variant eigendistribution is a solution of a 2?g-modulc Ai^ for some A £ g*. Kashiwara 
and Hotta studied in g| these Pg-modules M^, in particular they proved that they 
are holonomic and, using a modified version of the result of Harish-Chandra, proved 
that they are regular holonomic. This shows in particular that any hyperfunction so- 
lution of a module is a distribution, hence that any invariant eigenhyperfunction 
is a distribution. 
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In |15j . Sekiguchi extended the definition of the modules A4f to a symmetric pair. 
A symmetric pair is a decomposition of a reductive Lie algebra into a direct sum of 
an even and an odd part, and the group associated to the even part has an action 
on the odd part (see section ITTI for the details). In the diagonal case where even 
and odd part are identical, it is the action of a group on its Lie algebra. Sekiguchi 
defined a subclass of symmetric pairs (" nice pairs" ) , for which he proved a kind of 
Harish-Chandra theorem, that is that there is no hyperfunction solution of a module 
Ai^ supported by a hypersurface. He also conjectured that these modules are regular 
holonomic. 

In and jl2| . Levasseur and Stafford give new proofs of the Harish-Chandra 
theorem in the original case (the "diagonal" case) and in the Sekiguchi case ("nice 
pairs"). In [2, we show that both theorems may be deduced from results on the roots 
of the 6-functions associated to A^;^. 

The aim of this paper is to prove Sekiguchi's conjecture, that is the regularity of 
M-X' ™ the general case of symmetric pairs. Our proof do not use Harish-Chandra's 
theorem or its generalization, so we do not need to ask here the pairs to be "nice". 

In the first section of the paper we study the regularity of holonomic P-modules. 
In the definition of Kashiwara-Kawai'^; , a holonomic 2?-module is regular if it is mi- 
crolocally regular along each irreducible component of its characteristic variety. We 
had proven in (£1 , that the microlocal regularity may be connected to some microchar- 
acteristic variety. We show here that an analogous result is still true if homogeneity 
is replaced by some quasi-homogeneity. 

In the second section, we prove Sekiguchi's conjecture in theorem 12.2.11 First by 
standard arguments, we show that outside of the nilpotent cone, the result may be 
proved by reduction to a Lie algebra of lower dimension. Then on the nilpotent cone 
we use the results of the first section to show that the module is microlocally regular 
along the conormals to the nilpotent orbits. 

1. Bifiltrations of P-modules 

1.1. y-filtration and microcharacteristic varieties. — In this section, we recall 
briefly the definitions of the T^-filtration and microcharacteristic varieties. Details may 
be found in ^ (see also [5].|8].[l3|V 

Let X be a complex manifold. Ox be the sheaf of holomorphic functions on X 
and Vx be the sheaf of differential operators with coefficients in Ox- Let F be a 
submanifold of X . The ideal Ty of holomorphic functions vanishing on Y defines a 
filtration of the sheaf Ox\y of functions on X defined on a neighborhood of Y by 
FyOx = 1-Y- The associate graduate, gryOx = I^y^^ isomorphic to the 

sheaf X^OytyX] where A : TyX ^ F is the normal bundle to y in X and O^TyX] the 
sheaf of holomorphic functions on TyX which are polynomial in the fibers of A. For 
/ a function of Ox\y we will denote by uy{f) its image in gryOx- 
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If X is the ideal of definition of an analytic subvariety Z oi X, then cry(X) = 
I / e Z} is an ideal of 0\^TyX\ which defines the tangent cone to Z along Y 

m 

In local coordinates (x,t) such that Y = \t = 0}, Xy is, for fc > 0, the sheaf of 
functions 

\(y\—k 

and if k is maximal with / G Zy, we have crv'(/)(a;, i) — X]|a|=/c fai^i 0)f". 

Consider now the conormal bundle to Y denoted by A = TpX as a submanifold of 
T*X. If / is a function on T*X, ctaU) is a function on the normal bundle Ta{T*X). 
The hamiltonian isomorphism TT*X ~ x*T*X associated to the symplectic structure 
of T*X identifies Ta{T*X) with the the cotangent bundle r*A and thus considered 
(ta(/) may be considered as a function on r*A. 

The sheaf Vx is provided with the filtration by the usual order of operators denoted 
by {'X>x,7n)m>o and that we will call the "usual filtration". The graduate associated to 
this filtration is grVx — 7r*C[T*x] where tt : T*X X is the cotangent bundle and 
C[T*x] is the sheaf of holomorphic functions polynomial in the fibers of tt. We have 
also gr'^Vx — 7r*0[T*x][™] where OfT'Js:] is the sheaf of holomorphic functions 
polynomial homogeneous of degree m in the fibers of tt. If P is a differential operator 
of T>x\y, its principal symbol is a function a{P) on T*X defined in a neighborhood of 
A = TyX and (ta{(j{P)) is a function on r*A (denoted by (7a{1}{P) in the notations 

of nni). 

The sheaf Vx\Y of differential operators on a neighborhood of Y is also provided 
with the the 1^-filtration of Kashiwara [S] : 

VkVx = {Pe VxI'ij e Z, PZf, c x^"} 

where = Ox if j < 0. 

In local coordinates {x,t), the operators Xi and 0^. := ^ have order for the 
V^- filtration while the operators ti have order —1 and Dt- :— order +1. 

Remark that the 1/- filtration induces a filtration on grVx — '^*0[t*x] which is 
nothing but the filtration Pa associated the conormal bundle A — TyX. In coor- 
dinates, A = {{x,t,S„T) e T*X I i = 0,C = 0}, a function of 0[T-x][m] n Z"^'' 
is a function f{x,t,S.,T) which is polynomial homogeneous of degree m in (^,t) and 
vanishes at order at least m — k on {t = 0, — 0} . 

The two filtrations of T>x define a bifiltration FkjVx — T^x.j H VkT>x- The asso- 
ciated bigraduate is defined by grpVx = Ogr'^'X'x with 

gr'^JVx = FkjVx /{Fu-i.jVx + Fk^-iVx) 
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and is isomorphic to gr^grVx that is to the sheaf tt^O^t'A] of holomorphic functions 
on T*A polynomial in the fibers of vr : T*A Y. The image of a differential operator 
P in this bigraduate will be denoted by aAioo,i){P) and may be defined as follows: 

If the order of P for the F-filtration is equal to the order of its principal symbol 
<j{P) for the induced ^-filtration then crA(oo,i)(P) = (TA{a{P)) and if the order of 
<j{P) is strictly lower then a\{oo,i){P) — 0. 

Let A4 he a. coherent Px-niodule. A good filtration of is a filtration which is 
locally finitely generated that is locally of the form : 

j=l,...,N 

where iti, . . . , un are (local) sections of A4 and mi, . . . ^uin integers. 

It is well known that if {Mm) is a good filtration of M, the associated graduate 
grA4 is a coherent gr2?x-niodule and defines the characteristic variety of Ai which 
is a subvariety of T*X. This subvariety is involutive for the canonical symplectic 
structure olT* X and a Px-niodule is said to be holonomic if its characteristic variety 
is lagrangian that is of minimal dimension. 

In the same way, a good bifiltration of is a bifiltration which is locally finitely 
generated. Then the associated bigraduate is a coherent gr pV x-'oioAvi\e which defines 
a subvariety C/ia(cx>,i)(A^) of T*A. It is a homogeneous involutive subvariety of r*A 
but it is not necessarily lagrangian even if Ai is holonomic. 

If Z is a coherent ideal of Vx then: 

Ch{M) - { e e T*X I VP e X, (7(P)(e) = } 
C/iA(oo4)(X) = { C e T*A I VP e X, (7a(oo4)(P)(C) = } 

Regular holonomic Px-modules have been defined by Kashiwara and Kawai' in [gj 
Definition 1.1.16.]. A holonomic P^-niodule M is regular if it has regular singularities 
along the smooth part of each irreducible component of its characteristic variety. It 
is proved in [6] that the property of regular singularities is generic, that is it suffices 
to prove it on a dense open subset of A, in particular we may assume that A is the 
conormal bundle to a smooth subvariety of X. The definition of regular singularities 
along a smooth lagrangian variety is given in [S] Definition 1.1.11.] but in this paper, 
we will use the following characterization which we proved in j9j Theorem 3.1.7.]: 

Proposition 1.1.1. — A coherent "Dx -module has regular singularities along a la- 
grangian manifold A if and only if Chi^{ooS){M.) is contained in the zero section of 
T*A. 

1.2. Weighted F-filtration. — The F-filtration is associated to the Euler vector 
field of the normal bundle TyX which in coordinates is equal to J^ti^t ■ We want to 
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define a new filtration associated to a vector field ^ niiiiDj:, . As this is not invariant 
under coordinate transform, we have first to give an invariant definition. 

Let us consider the fiber bundle p : TyX Y. The sheaf T>[TyX/y] of relative 
differential operators is the subsheaf of the sheaf T>TyX of differential operators on 
TyX commuting with all functions of p~^Oy. A differential operator P on TyX is 
homogeneous of degree if for any function / homogeneous of degree k in the fibers 
of p, Pf is homogeneous of degree k. 

In particular, a vector field rj on TyX which is a relative differential operator 
homogeneous of degree defines a morphism from the set of homogeneous functions 
of degree 1 into itself which commutes with the action of p^^Oy, that is a section of 



Let {x,t) be coordinates of X such that Y — {{x,t) G X \ t — 0}. Let (x.t) be the 
corresponding coordinates of TyX . Then rj is written as : 



and the matrix A — {aij (x)) is the matrix of the associated endomorphism of OtyX [1] 
which is a locally free p^^Oy-module of rank d — codimxY . Its conjugation class 
is thus independent of the choice of coordinates {x,t). When the morphism is the 
identity, rj is by definition the Euler vector field of TyX. 

Definition 1.2.1. — A vector field rj on TyX is definite positive if it is a relative 
differential operator homogeneous of degree whose eigenvalues are strictly positive 
rational numbers and which is locally diagonalizable as an endomorphism of OTi-xil]- 

A structure of local fiber bundle of X over Y is an analytic isomorphism between 
a neighborhood of F in X and a neighborhood of Y in TyX. For example a local 
system of coordinates defines such an isomorphism. 

Definition 1.2.2. — A vector field 77 on X is definite positive with respect to Y if: 

(i) 77 is of degree for the F-filtration associated to Y and the image ay (77) of rj 
in gryVx is definite positive as a vector field on TyX. 

(ii) There is a structure of local fiber bundle of X over Y which identifies 77 and 
ay{r]). 

It is proved in [101 proposition 5.2.2] that if (Jy{ri) is the Euler vector field of TyX 
the condition (ii) is always satisfied and the local fiber bundle structure of X over Y 
is unique for a given rj, but this is not true in general. 

We will now assume that X is provided with such a vector field 77. Let (3 = a/h the 
rational number with minimum positive integers a and b such that the eigenvalues 
of /3^^77 are positive relatively prime integers. Let be the sheaf of differential 

operators Q satisfying the equation [Q, 77] = [3kQ and let Vj]Vx be the sheaf of 



Homp-io, {Otyx[1].Otyx[1]) ■ 
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differential operators Q which are equal to a series Q = X];<fc with Qi in I'xi^] for 
each I G Z. 

By definition of a definite positive vector field, we may find local coordinates {x, t) 
such that ?7 = X] ™i^i^ti E^^d we may assume that the rrn are relatively prime integers 
after multiplication of rj by /3~^. In this situation, the operators xj and D^^ have 
order while the operators ti have order —mi and Dt- order +mi. This shows in 
particular that any monomial x^t^^DJD^ is in some and thus that Vx is the 

union of all V^Vx- This defines a filtration of the sheaf of rings Vx- 

The principal symbol of [Q, rj] is the Poisson bracket {a{P),a{r])} which is equal to 
Hrj{(j{P}) where i/^ is a vector field on T*X, the Hamiltonian of rj. The ^-filtration 
on Vx induces a filtration on the graduate of T>x that is on 0[t*x]- A function / of 
0[x*x] will be in V^O^t'X] if it is a series of functions /; for I > k with H^jf = —If- 
In this case we set cr^if) — fk- 

We are now in a situation analog to that of section 11.11 with two filtrations on 
Vx, the usual filtration and the ^-filtration. The sheaf Vx is thus provided with 
a bifiltration by Fj]jVx — T^x.j H V^Vx and this defines a symbol cr''(oo,i)(P) which 
is a function on T*X. By definition, a^{oo,i){P) is equal to (T2{cr{P)) where k is the 
order of P for the y -filtration. This symbol is thus equal to if the order of a{P) 
is strictly less than k. 

If is a coherent Px-module, we define a good bifiltration and a microcharac- 
teristic variety C/i''(oo,i)(A4). If = Vx/1 we will have: 

Ch'^{oos){M) = { C e T*X I VP e Z, cr"(oo,i)(P)(C) = 0} 

The difference with the previous situation is the local identification of TyX with X 
which defines isomorphisms T*T^X ~ T*TyX ~ T*X and make a''{a{P)) a function 
on T*X. Especially, if rj is the Euler vector field of TyX and rj a vector field on X 
with (T 1/(77) = rj, the definitions of this section coincide with the definitions of the 
previous one except for this identification. 

1.3. Direct image of ^-filtration. — Let ip : Y ^ X he a, morphism of complex 
analytic manifolds. A vector field u on y is said to be tangent to the fibers of (p if 
u{f o = for all / in Ox- A differential operator P is said to be invariant under ip 
if there exists a C-endomorphism A of Ox such that P{f o ip) = A{f) o tp for all / in 
Ox- If we assume from now that ip has a dense range in X, A is uniquely determined 
by P and is a differential operator on X. We will denote hy A — p*{P) the image of 
P in Vx under this ring homomorphism. 

Let Z he a submanifold of Y and T a submanifold of X. Let ?7 be a vector field on 
Y invariant under p. We assume that 77 is definite positive with respect to Z and that 
rj' = p*{r]) is definite positive with respect to T. We also multiply 77 by an integer so 
that its eigenvalues and those of rj' are integers. 
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Example 1.3.1. — Let y be a complex vector space and : F — > X = C'' given 
by = ((^1, . . . , <^d) where t^i, . . . , y>rf are holomorphic functions on Y homogeneous 
of degree toi, . . . , m^. Let Z = {0} and 77 be the Euler vector field of Y, so that the 
y-filtration is the F-filtration along {0}. Then -q' = 'fi*{r]) is equal to J2''^iti^ti on 
X and is definite positive with respect to {0}. Remark that we do not assume that 
(p is defined in a neighborhood of Z. 

In the general case, we can choose local coordinates {y,t) on X so that r]' = 
nijtjDt. , then the map (p is given by yi = (pi{x) and tj = tpj{x) where the functions 

ipi (x) is homogeneous of degee for t] while the function tjjj (x) is homogeneous of degee 

rrij for ij. 

The sheaf Vy^x = Oy ®(p-iOx 'P~^'^x is a {Vy ,Lp~^Vx)-himodule with a canon- 
ical section 1 (g) 1 denoted by ly^x- If we choose coordinates (xi, . . . , Xn) of X and 
coordinates (j/i, • • • , 2/p) of F and if ip = {(pi, . . . ,(pp), then the sections of Vy^x are 
represented by finite sums ^ {y) (g) and the left action of T>y is given by 

If A/' is a coherent X>x-inodule, its inverse image under ip is the Dr-module (p*N' = 
Vy^x ®^-^Vx In general, ip*J\f is not coherent but if J\f is holonomic, ip*J\f 

is holonomic (hence coherent). 

Let Vy^xik] be the set of sections satisfying r].u — u.ip>,ri = —f3(3'ku where /3 (resp. 
/3') is the g.c.d. of the eigenvalues of r] (resp. </5*ry). (We may assume that /? = 1 or 
/?' = 1 but not both in general). Wc define VkDy^x as the subshcaf of Vy^x of the 
sections which may be written as series '}2ii>k'^i with ui in Vy^x[l]- Remark that 
ly^x satisfies rj.ly^x = 'i-Y^x ■<P*V hence is of order 0. 

If A/^ is a coherent -module provided with a V"^ -filtration we define a filtration 
on its inverse image by: 

The sheaf Dy^x is also provided with a filtration (Vy^x)] induced by the usual 
filtration of Vx hence of a bifiltration F^Vy^x ■ If A/" is bi-filtrated, we define in the 
same way a bifiltration on ip^^Af. 

Proposition 1.3.2. — Let X be an ideal of Vy which is generated by all the vector 
fields tangent to the fibers of (p and by a finite set {Pi, . . . ,Pi) of differential operators 
invariant under (p. Let J he the ideal of Vx generated by (<^*(Pi), . . . , <^*(P;)). Let 
M = Vy /I and Af = Vx j J and put on M. and Af the bifiltrations induced by F^Vy 
and F'^'Vx 
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Then, there exists a canonical morphism of Vy -modules M. — > (f*M which is a 
morphism of hi- filtrated F'^Vy -modules and an isomorphism at the points where ip is 
a submersion. 

Proof. — There is a canonical morphism Vy — > Vy^x given by P n- P.ly^x- The 
vector fields tangent to the fibers cancel Vy^x and a differential operator invariant 
under ip satisfy P.ly^x = ^y^x-'P*{P) hence this morphism defines a morphism 
A4 — > 93,7V which is a morphism of left yPy-modules by the definitions. 

In a neighborhood of a point where </? is a submersion, we may choose local 
coordinates (xi, . . . , Xp, j/i, . . . , j/„_p) such that ip{x,y) = x. Then Vy^x is the 
sheaf of operators P{x,y, D^), the vector fields tangent to the fibers are generated 
by Dy-^, . . . ,Dy^_^ and the differential operators invariant under ip are of the form 
P{x,Dx) modulo {Dy.}, so ^ p^,JV is an isomorphism. □ 

Let S — ip~^{T) and a; be a point of S where is a submersion. In a neighborhood 
of a;, Y is isomorphic to X x S and if we fix such an isomorphism, ry' which is a vector 
field on X may be considered as a vector field on Y , definite positive relatively to S. 
Remark that 77' differ from by a vector field tangent to Lp. Then proposition II . 3 . 21 
gives: 

Corollary 1.3.3. — The microcharacteristic variety Ch^{!>o,i){M) is equal to 
Ch'^ (oo,i)(A^) in a neighborhood of x. 

1.4. Weighted V^-filtration and regularity. — 

Definition 1.4.1- — Let Z be a submanifold of X and 77 be a vector field which is 
definite positive with respect to Z. A coherent I?x-module has r]-weighted regular 
singularities along the lagrangian manifold A — T^X if there is a dense open subset 
of A such that Ch'^{oo,i){M) C A in a neighborhood of fi. 

If (^z{ri) is the Euler vector field of TzX, proposition !! . 1 . l| shows that this definition 
coincide with the definition of Kashiwara-Kawai'. 

Let X = C" with coordinates (xi, . . . , Xn-p, ti, . . . , tp) and Z — {t — 0}, let Y = 
C" with coordinates (xi, . . . , Xn^p, Vi, ■ ■ ■ 1 Vp) and Z' = {y ^ 0}. Let mi, . . . , rup be 
strictly positive integers , we define the map p -.Y ^ Xhy p{x, y) = (x, y™^ , • ■ ■ , J/p*^) 
and the vector field 77 = p'^i^iDti- 

Lemma 1.4. 2. — Let Ad be a holonomic T>x -module with rj-weighted regular singu- 
larities along T^X, then p*A4 is a holonomic Vy -module with regular singularities 
along T^,Y . 

Proof. — We may assume that A4 is equal to T>x /T for some coherent ideal J of A^. 
The inverse image of 7V( by is, by definition: 

ip*M = Vy^x V^'M - Vy^x/Vy^xL 
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The sections of Vy^x are represented by P{x, y, D^, Dt) = ^a[3{x, y)D"D^ and 
wc define the filtration V^'Dy-^x in the same way than in tlie previous section. For 
this filtration x~'y^D"D^ is of order <m, (3>- \S\. We also define the usual filtration on 
Dy—.x, that is the filtration by the order in {D^, Dt). In this way, Vy^x is provided 
with a bifiltration F^Vy^x which is compatible with the bifiltration F^Vx, that is 
an operator P of Fj^^Vx sends F^'-Vy^x into F^_^f.^^^i'Dy^x ■ 

Let Vy_x[N] be the sub-X»y-module of Vy^x generated by Df for \f3\ < N. If 
M is holonomic, ip*A4 is holonomic hence coherent. The images of the morphisms 
Vy^xlN] ^ Lp*A4 make an increasing sequence of coherent submodules of Lp*A4 
which is therefore stationary, so there exists some Nq such that Vy^xiN] Lp*A4 
is surjective for all N > Nq. The bifiltration induced by F^Vy^x on Vy^xiN] is 
a good i^2?y-filtration which induces a good filtration on ip*Ai if > A^'o, we will 
denote it by F[N]^*M. 

The associate graduate is denoted by gr[N](p* A4 and, as F[N] is a good bifiltration, 
the analytic cycle of T*Y associated to gr[N]ip* A4 is independent of N jlOl Prop 
3.2.3.]. For N > Nq, the canonical morphism gr[NQ](p*Ai gr[N](p*A4 induces an 
isomorphism on the associated cycles hence gr[NQ]ip* A4 and gr[N](p* Ai have the same 
support and the kernel and cokernel of the morphism have a support of dimension 
strictly lower. 

An operator P oiF^Px sends i^.Py^x[A^o] into F.^^^^^^py^x[NQ + l]. If F an- 
nihilates a section u of [Nq]lp*M, its class in gr^iDx that is the function cr''(oo,i)(P) 
annihilates the image of u in gr[N + /]</?* A1. Let C be a point of A = T'^X such that 
C/i''(oo,i)(A4) C T^AT in a neighborhood of C- By the hypothesis, there is a dense 
open subset of such points in A. There is a differential operator P which annihilates 
u and such that (t''(oo,i)(P) = tf^H where /i is a function invertible at C,. Hence there 
exists some / such that the image of u in gr[N + l]ip*M. is annihilated by tf^ = yf^™^ 
hence is supported by yx = 0. As grlNQl^p* M. is finitely generated, there exists some 
-^1 > ^0 such that the image of gr\NQ\Lp* M in gr[Ni]if* is contained in j/i = 0. 

We can do the same for the other equations of T^,y and show that there exists some 
N2 > Nq such that the image of gr[NQ]ip*M in gr[N2]ip*M is contained in T^,Y. This 
shows that gr[NQ]ip* j\4 is supported by the union of T^,Y and of a set W of dimension 
strictly lower than the dimension of But we know that this support is involutive 

hence all its component have a dimension at least that dimension, so gr[NQ]Lp* Ai is 
supported in T^,Y in a neighborhood of (p~^{(). By definition gr[NQ]ip* A4 is equal 
to Cft-T', y(oo,i)((^*A4), hence Lp*A4 has regular singularities along T^,Y. □ 

Theorem 1.4-3. — Let X be a complex manifold, -k : T* X —> X the projection, Z 
a submanifold of X and rj a vector field on X which is definite positive with respect 
to Z . Let M. he a holonomic Vx -module. We assume that: 

1. M is a regular holonomic Vx -module on X — Z , 

2. A4 has rj-weighted regular singularities along T^X , 
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3. The dimension of Ch{A4) HT^X is equal to the dimension of X. 
Then A4 is a regular holonomic T^x -module. 

Proof. — We fix local coordinates (xi, . . . , Xn-p, ti, ... ,tp) of X so that Z — {t — 0} 
and ry = Z]i=i...p A; ■ We define a map ip -.Y ^ Xhy (p{x,y) = (x, . . . 
where F is a neighborhood of in C". If Z' is the set {y — 0}, lemma IT . 4 . 21 shows 
that (p*Ai has regular singularities along T^,Y. 

The third condition means that the characteristic variety of A4 has no irreducible 
component contained in tt^^{Z) except T^X. The same is true for (p*A4 on Z' . 
This may be proved as in lemma 11.4.21 but with the usual filtration replacing the 
bifiltration. This may also be proved easily with the definition of the characteristic 
variety in terms of microdifferential operators. 

By hypothesis, A4 is regular on X — Z hence by jHl Cor 5.4.8.] (p*A4 is regu- 
lar holonomic on Y — Z'. So, (p*A4 has regular singularities along each irreducible 
component of its characteristic variety, hence by definition, it is a regular holonomic 
"Dy-module. 

Then by [HJ theorem 6.2.1.], the direct image tp^,ip*A4 is a regular holonomic T>x- 
module. By definition 

ip,^*M - Rifi.iVx^Y Vy^x <f-^M) 

and the morphism Vx T>x^y <S)Vy T^y^x is injective henceA^ is a submodule of 
ip<t<f* M hence a regular holonomic X'x-module. □ 

The following corollary is the generalization of the definition of regular holonomic 
P-modules and of proposition II . 1 . Tl It is proved from the previous theorem by de- 
scending induction on the dimension of the strata. 

Corollary 1.4-4- — A4 be a holonomic Vx -'module. Assume that there is a 
stratification X = [jXa such that Ch{A4) C U^x„"^ and for each a there is a vector 
field rja positive definite along Xa such that A4 has r]a-weighted regular singularities 
along T^^X. 

Then A4 is a regular holonomic Vx -module. 

2. Symmetric pairs 

2.1. Definitions. — Let us briefly recall what is a symmetric pair. For the details 
we refer to |15j and |12| . Let G be a connected complex reductive algebraic group with 
Lie algebra g. Fix a non-degenerate, G-invariant symmetric bilinear form k on the 
reductive Lie algebra g such that k is the Killing form on the semi-simple Lie algebra 
[3,3]. Fix an involutive automorphism z9 of g preserving k and set t = Ker{§ — I), 
p = Ker{d + /). Then g = t © p and the pair (g,t) or (g,??) is called a symmetric 
pair. Recall that I and p are orthogonal with respect to k and that Ms a reductive 
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Lie subalgebra of g. Denote by K the connected reductive subgroup of G with Lie 
algebra t. The group K acts on p via the adjoint action. 

Let p* be the dual of p, 0{p) — S{p*) the ring of regular functions on p (S'(p*) is 
the symmetric algebra), 0{p*) — S{p) the ring of regular functions on p* and P(p) the 
ring of differential operators on p with coefficients in ©(p). The ring of functions 0{p) 
is naturally embedded in I?(p) and we embed 0{p*) — S{p) in I?(p) as differential 
operators with constant coefficients. That is we associate to an element u of the 
vector space g the derivation in the direction of u 

Duif)ix) = j^f{x + tu)\t^o 

and we extend to the symmetric algebra S{p). Remark that this embedding is com- 
patible with the filtration by the degree in 5(p) and the filtration by the order in 

Notice that K has an induced action on S{p), S{p*) and X'(p) and we have natural 
embeddings of the invariant subrings S{p)^ C T>{p)^ and S{p*)^ C ^{p)^ . The ring 
S{p)^ is equal to the ring of polynomials C[pi, ■ ■ ■ ,Pr] for some pi, . . . ,pr in S{p)^ 
and in the same way S{p*)^ is equal to a ring of polynomials C[qi, . . . , g^] (Zl- 

The differential of the action of ii' on p induces a Lie algebra homomorphism 
T : i ^ Der S{p*) hence an embedding r : 6 ^ ^(p) defined by 

{r{a).f){v) = l/(e-*^i;)|,^o, for a G 6, / G 0{p), v G p 

As a section of the tangent bundle, t{A) is the map p — ^ Tp = p x p given by 
t{A){X)^{X, [X,A]). 

We denote by N(p) the nilpotent cone of p, that is the set of nilpotent elements 
of g which lie in p, it is also the subvariety of p defined by the set of X-invariant 
functions S{p*)^ . In the same way we consider the nilpotent cone N(p*) which is 
the subvariety of p* defined by S{p)^ . An important result is that the nilpotent cone 
N(p) is a finite union of ivT-orbits |7| theorem 2]. 

The cotangent bundle T*p is equal to p x p*. The non-degenerate form k on g 
defines a non-degenerate symmetric bilinear form on p and an isomorphism p ~ p*. 
We identify T*p = p x p* ~ p x p. Let C(p) = { (x, ?/) G p x p | [x, ?/] = }, then the 
dimension of (p x N(p)) n C(p) is equal to the dimension of p (121 lemma 2.2.]. 

The characteristic variety of I?p/X'pT(t) is equal to C(p). Let F be an ideal of 
finite codimension of S{p)^ , its graduate is a power of <S'(p)^ hence the characteristic 
variety of the Pp-module Vp/VpF is p x N(p). Finally, if X be the left ideal of Vp 
generated by F and t(6), the characteristic variety oi Aip = 'Dp/T is contained in 
(p x N(p)) n C(p) hence Mf is a holonomic 2?p -module. 

As a special case, we have the diagonal case where G = GixGi with 'd{x, y) = (y, x) 
for some reductive group Gi. Thus (g, i) = (gi © gi, gi) and K — Gi with its adjoint 
action on p = gi. Let A G p* and Fx = {P - P(A) | P G S{p)^ }, then the 
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corresponding module Mf^ — 'Dp/'DpT{i) + T>pF\ is the module of Kashiwara-Hotta 

m 

2.2. The conjecture of Sekiguchi. — 

Theorem 2.2.1. — Let F he an ideal of finite codimension of S{p)^ and = 
Pp/X where X is the left ideal of "Dp generated by F and r(t). 
Then A4f is a regular holonomic T>p -module. 

The proof of this theorem will be made in several steps. First we will reduce to 
the semi-simple case flemma l2.2.3f) . then prove by induction on the dimension of the 
Lie algebra, that the result is true outside of the nilpotent cone (lemma f2.2.4|l and 
the key point of the proof is the case of a nilpotent orbit flemma r2.2.6() . 

Lemma 2.2.2. — Let Y be a complex manifold and X ~ Y x C Let P{t,Dt) be a 
differential operator on C with principal symbol independent of t and I be a coherent 
ideal ofT>x which contains P. 

Let A4y be the inverse image of M — T>x/T on Y by the immersion Y — > X, then 
A4 is isomorphic to the inverse image of Ady by the projection q : X Y , that is 

M = Vx^Y ®g-iX)y q^^My = My<E>Oc 
In particular, A4 is regular holonomic if and only if Ady is regular holonomic. 

Proof. — This lemma is a (very) special case of [Hi theorem 5.3.1. ch II]. The first 
step is to prove that Vc/VcP is isomorphic to {T>c/DcDt)'^ . The proof is the same 
than that of |14l theorem 5.2.1. ch II], but as there is only one variable, the proof is 
very simple and use only functions instead of differential operators of infinite order. 
Then we can follow the proof of 14 but with finite order operators instead of infinite 
order operators. 

Remark that if P were a differential operator in several variables, for example, 
P = + Dx, this result would be true only with the sheaf of differential 
operators with infinite order. 

As X = Y xC, the inverse image of A^y by (7 is isomorphic to the external product 
of D-modules My§)Oc- □ 

Assume that p = po ® pi, the action of K on po being trivial. Then S{p)^ = 
S{po) <8) S'(pi)-^, this defines a morphism S : S{p)^ -> S'(pi)^ by restriction and 
Fi = 6{F) is an ideal of finite codimension of 5(pi)^. Let Aip-^ = Vp^/Ii where Ii 
is the ideal of T>p^ generated by Tp^ (J) and Fi. 

Lemma 2.2.3. — (1) The module A4f is isomorphic to C'po<X'(A1f)pi where 
(A^f)pi is the restriction of M.f to pi. 

(2) (A^f)pi (hence A4p) is regular if AAp^ is regular. 
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Proof. — By induction on the dimension of po, we may assume that pQ — C and 
choose hnear coordinates {x,t) of p such that po = { (.t, <) G p | a; = }. The action 
of K is trivial on po hence <S'(p)^ contains S'(po) and as F is finite codimensional in 
S{p)^ it contains a polynomial in Dt. Lemma r2 .2.21 shows the first part of the lemma. 

We assume now that Aipi is regular. Recall that (A^f)pi = M-p/tMp is a holo- 
nomic Pp^-module generated by the classes of 1, ... , Z?™"^. Let M' be the submodule 
of {M.f)pi generated by the class u of D^~^ . The vector fields of T(t) are indepen- 
dent of [t, Dt) hence u is annihilated by r(B). If P is an element of F, as an operator 
of Vp it is equal to 5{P) + ADt hence S{P) annihilates u. So u is annihilated by T(f) 
and by Fi and A4' is a quotient of A4fi- So Ai' is regular. 

Consider now Ai" which is the submodule of Ai generated by the classes D"^~^ 
and The quotient M" / M' is generated by the class v of UJ""^ which is 

annihilated by r(6) and by Fi, so it is regular. We have an exact sequence — > 
M' — > M." — > M." / M.' — > where two terms are regular hence A4" is regular. 
Continuing the same argument, we get that (A^f)pi is regular. □ 

Let & be a semisimple element of p. Then p = p^ [t, h] and g'' = 6^ © p^ defines 
a symmetric pair. Let 5 be the restriction map 5 : S{p)^ 5'(p*)^'', this map is 
injective and if F is an ideal of finite codimension of >S'(p)^ then S{F) is an ideal of 
finite codimension of S'(p^)^ |3| lemma 19]. Let be the left ideal of Vpb generated 
by 6{F) and r(e'') and Mb ^ Vpt/Ib. 

Lemma 2.2.4- — In a neighborhood ofb, AAp is isomorphic to the external product 
of the holomorphic functions on the orbit ofb by a quotient of Aib- In particular, 
M.p is regular if Mb is regular. 

Proof. — Let F be a linear subspace of 6 such that I — V®t'^. The map / : F x p'' ^ p 
given by f{y,Z) = exp{y).Z is a local isomorphism. If (xi, . . . , x„_r) are linear 
coordinates of V and (ii, . . . , tr) are linear coordinates of p**, the map / defines local 
coordinates (xi, . . . , Xn-r, ti, ■ ■ ■ , tr) of p in a neighborhood of b. Lemma 3.7 of |15| 
shows that in these coordinates, the orbit Kb is { (x, t) \ t — 0}, p'' — {{x,t) | a; = } 
and the differential operators Dx^^ , ■ ■ ■ , Dx,^^^ belong to rit). Hence M is the product 
of OKb by a module TV. 

If Z is an element of , Tp{Z) is by definition the vector field on p with value [Z, A] 
at a point A of p. The value of Tpb(Z) at a point A of p*" is the projection of [Z,A] 
on p^, hence Tpi,(6^) is equal to Tp{t) modulo D^i, . . . , Dx„_^. On the other hand, let 
P G F, as the coordinates (ii, . . . , t^) are linear coordinates of p**, the value of P on 
a function of t is the restriction of P to S'(p^)^\ Hence A/" is a quotient of Mb- □ 

Lemma 2. 2. 5. — Let A be the conormal to in p. The microcharacteristic variety 
C/iA(oo,i)(Ali?) is contained in (p x N(p)) nC(p). 
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Proof. — Let E be the Euler vector field of tlie vector space p. It is clear on the 
definition, that the vector fields of t(J) preserve the homogeneity of functions hence 
that they commute with E. So they are homogeneous of degree for the IZ-filtration 
at 0. On the other hand, they are homogeneous of degree 1 for the usual filtration as 
any vector field. So if u G T(t), (7a(oo,i)(u) = a{u). 

On differential operators with constant coefficients, the ^-filtration at {0} and the 
usual filtration coincide, hence we have also a^{oo,i){P) = a{P) for these operators. 

So, C/ia(oo,i)(-A^f) is contained in the set of points where the symbols of the 
operators of r(4) and of F vanish that is in (p x N(p)) n C(p). □ 

Lemma 2.2.6. — For each nilpotent orbit S o/N(p), there is a vector field rj which 
is positive definite with respect to S and such that M. f has rj-weighted regular singu- 
larities along Tgp. 

Proof. — Let S be one of these orbits, r the codimension of S and X £ S. As in |12l 
§3] (see also |16[ Part I, §5.6]) we can choose a normal s^-triplc {H, X, Y) in p which 
generates a Lie algebra isomorphic to and acting on p by the adjoint representation. 
Then p splits into a direct sum of irreducible submodules of dimensions Ai + 1 for 
i — 1 . . .r. Moreover p = p^ ® [X, i] , dim p^ = r and we can select a basis {Yi , . . . ,Yr) 
oip^ such that [H, Yj] = -XiYi. Let y be a hnear subspace of J such that t^VQt-'^. 
If . . . , bn-r) is a basis of V, the map F : C" p given by 

F{xi, . . .,Xn~r,tl, ...,tr)= exp(a;i6i) . . . exp(a:„_r&n-r).(X + tjYi) 

is a local isomorphism hence defines local coordinates (x, t) of p in a neighborhood 
of X. In these coordinates, S — {{x,t) \ t ^ 0}, p^ ~ {{^^t) I ^ = 0}i and the 
differential operators Dx^, . . . ,-Da:„_^ are in the ideal generated by r({) [151 lemma 
3.7]. 

Let E be the Euler vector field of the vector space p. A standard calculation |16l 
Part I, §5. 6] shows that E{ti)\x=o = niiti with mi = ^A, + 1. Moreover, if = H, 
we proved in T. lemma 3.4.1] that E is equal to 77 + u; where 77 = X]j=i ^j^j^tj and 
w — l/2Dx„_^. By definition, 77 is positive definite with respect to S. 

Define a map ip : p ^ V ^ hy (p{x,t) = t. Let 77' = ^'mjtjDt- on V. The 
functions ti, . . . ,tr satisfy E{ti) = rj' {ti) = niiti hence they are homogeneous and the 
map iy9 is defined in a conic neighborhood of X. This also shows that E is invariant 
under ip and that 77' — ip^{E). 

The module A4p is equal to Pp/X where I is a coherent ideal of Vp which contains 
the derivations D^^, . . . , Dx^-r hence I is generated by -Dxi, ■ • ■ , Dx,^_^ and a finite 
set of differential operators Qi{t, Dt), . . . , QN{t, F)t) depending only of (t, Dt). (This 
result is standard and also a special case of lemma l^.2.2|l . 

The module Mp satisfies the hypothesis of coroUar v 1 1 . 3 . 31 hence Ch^ {00,1) {Aip) 
is equal to Ch''\ooS){M.F) and by lemma U. 2. 51 it is contained in (p x N(p)) nC(p). 
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Assume now that Tgp is an irreducible component of the characteristic variety 
Ch{Aip) and let x* be a generic point of Tgp, that is a point which does not belong 
to other irreducible components of C'h{MF)- We have Tgp C Ch^Mp) C (p x 
N(p)) n C(p) and as they have the same dimension, they are equal generically. So 
C/i''(oo,i)(A^f) — Tgp generically on Tgp and we are done. □ 

Proof of theorem \2.2.1\ — We will argue by induction on the dimension of g and first, 
we reduce to the semi-simple case. Set gi = [g, g], 61 = tngi, pi = p flgi, 3 the center 
of g and po = 3 fl p. We have p = po ® pi and by lemma 12. 2. HI it suffices to prove the 
theorem for pi. As 3 n t acts trivially we may assume that g is semisimple. 

Let X be a non-nilpotent element of p. It decomposes as a; = b + n where b is 
non zero and semisimple, n is nilpotcnt and [b, n] =0. As g is semisimple, p'' is of 
dimension strictly less than p, hence we may assume by the induction hypothesis that 
the theorem is true for p**. Lemma [2.2.41 shows that M-p is regular in a neighborhood 
of b. As A4f is constant on the orbits, it is regular on the orbits whose closure 
contains 6, in particular at x. 

We proved that A4p is regular outside of the nilpotent cone. As the nilpotent 
cone is a finite union of orbits, we will now argue by descending induction on the 
dimension of these orbits. So let x be a nilpotent point of p, Kx its orbit and assume 
that is regular on p — Kx in a neighborhood of x. Lemma [2.2.61 shows that J^p 
has 77- weighted regular singularities along T^^p hence theorem II .4.31 shows that A4p 
is regular at x. □ 



References 

[1] E. Galina and Y. Laurent, D-modules and characters of semi-simple Lie groups, 

Prepublications de I'lnstitut Fourier 570 (2002). 
[2] Harish-Chandra, Invariant distributions on semi-simple Lie groups, Bull. Amer. Mat. 

Soc. 69 (1963), 117-123. 
[3] Harish-Chandra, Invariant differential operators and distributions on a semi-simple Lie 

algebra, Amer. J. Math. 86 (1964), 534-564. 
[4] R. Hotta and M. Kashiwara, The invariant holonomic system on a semisimple lie algebra, 

Inv. Math. 75 (1984), 327-358. 
[5] M. Kashiwara, Vanishing cycles and holonomic systems of differential equations, Lect. 

Notes in Math., vol. 1016, Springer, 1983, pp. 134-142. 
[6] M. Kashiwara and T. Kawai', On the holonomic systems of microdifferential equations 

III. systems with regular singularities, Publ. RIMS, Kyoto Univ. 17 (1981), 813-979. 
[7] B. Kostant and S. Rallis, Orbits and representations associated with symmetric spaces, 

Amer. J. Math 93 (1971), 753-809. 
[8] G. Laumon, V-modules filtres, Asterisque, vol. 130, SMF, 1985, pp. 56-129. 
[9] Y. Laurent, Theorie de la deuxieme microlocalisation dans le domaine complexe. Progress 

in Math., vol. 53, Birkhauser, 1985. 
[10] Y. Laurent, Polygone de Newton et b-fonctions pour les modules microdifferentiels, Ann. 

Eg. Norm. Sup. 4e serie 20 (1987), 391-441. 



16 



YVES LAURENT 



[11] T. Levasseur and J.T. Stafford, Invariant differential operators and a homomorphism 
of Harish-Chandra, Journal of the Americ. Math. Soc. 8 (1995), no. 2, 365-372. 

[12] T. Levasseur and J.T. Stafford, Invariant differential operators on the tangent space of 
some symmetric spaces, Ann. Inst. Fourier 49 (1999), no. 6, 1711-1741. 

[13] C. Sabbah, V -modules et cycles evanescents, Geometrie reelle, Travaux en cours, vol. 24, 
Hermann, 1987, pp. 53-98. 

[14] M. Sato, T. Kawai', and M. Kashiwara, Hyperfunctions and pseudo-differential equa- 
tions, Loct. Notes in Math., vol. 287, Springer, 1980, pp. 265-529. 

[15] J. Sekiguchi, Invariant spherical hyperfunctions on the tangent space of a symmetric 
space, Advanced Studies in pure mathematics 6 (1985), 83-126. 

[16] V.S. Varadarajan, Harmonic analysis on real reductive groups, Lect. Notes in Math., 
vol. 576, Springer, 1977. 

[17] H. Whitney, Tangents to an analytic variety, Annals of Math. 81 (1964), 496-549. 



Yves Laurent, Institut Fourier Mathcmatiqucs, UMR 5582 CNRS/UJF, BP 74, 38402 St 
Martin d'Heres Cedex • E-mail : Yves.Laurent@ujf-grenoble.fr 
Url : http://www-fourier.ujf-grenoble.fr/''laurenty 



